We apply the method of confining phase superpotentials to N = 2 supersymmetric Yang-Mills theory with the exceptional gauge group G 2 . Our findings are consistent with the spectral curve of the periodic Toda lattice, but do not agree with the hyperelliptic curve suggested previously in the literature. We also apply the method to theories with fundamental matter, treating both the example of SO(5) and G 2 .
Since the seminal work of Seiberg and Witten [1] we know that the exact quantum moduli space of N = 2 supersymmetric gauge theories in the Coulomb phase coincides with the moduli space of a particular abelian variety. In many cases it has been found that this abelian variety can actually be obtained as the Jacobian of a Riemann surface. In the simplest and most regular cases it has been shown that these Riemann surfaces are given by hyperelliptic curves. To be precise, hyperelliptic curves have been found for the theories with classical gauge groups A n , B n , C n , and D n and various matter fields transforming in the fundamental representation [2] . Hyperelliptic curves have also been suggested for the exceptional gauge groups G 2 , F 4 , E 6, 7, 8 [3, 4, 5] . Clearly the construction of these hyperelliptic curves was based on an ad hoc ansatz which could be justified by performing certain highly non-trivial consistency checks such as reproducing the correct weak coupling monodromies or checking the number of special points in the moduli space where the supersymmetries can be broken down to N = 1.
On the other hand, a somewhat more systematic approach has been opened by the observation that N = 2 supersymmetric gauge-theories are closely related to integrable systems. In particular it has been shown first by Gorsky et. al. [6] that the curves for N=2 SYM with gauge groups SU(N) appear also as the spectral curves of integrable systems, namely the periodic Toda lattices. This has been generalized by Martinec and Warner [7] to the case of pure gauge theories and arbitrary gauge group. Further Donagi and Witten [8] gave an integrable system for the SU(N) theory with one massive hypermultiplet transforming in the adjoint representation of the gauge group. Moreover it has been shown recently that these integrable structures arise naturally in string theories [9] .
In the case of the classical gauge groups it is fairly easy to make a connection between the spectral curves of the integrable systems and the hyperelliptic ones. In fact, all the spectral curves for the groups A n , B n , D n are themselves hyperelliptic and can be brought into the standard form y 2 = (x − e i ) by a simple change of variables. In the case of C n this can be done after modding out a Z 2 symmetry. Thus for the classical gauge groups the spectral curves of the integrable systems agree with the prior findings of [2] . For exceptional gauge groups on the other hand the spectral curves are definitely not hyperelliptic. Also it is not known if the special Prym, which is the physically relevant subspace of the Jacobian, could be embedded in the Jacobian of a hyperelliptic curve. Thus no direct correspondence between the spectral curves of [7] and the hyperelliptic ones suggested in [3, 4, 5] has been set up until now. The aim of this paper is to tackle this question.
In particular we will apply the method of confining phase superpotentials in order to derive information about the exact quantum moduli space of N = 2 supersymmetric YangMills theory with gauge group G 2 . We can then actually try to match this information with what one obtains from the Riemann surfaces.
That the structure of massless monopoles in supersymmetric gauge theories with a Coulomb phase can be obtained from effective superpotentials has originally been shown in the case of SU(N) in [10] . Recently this approach has been generalized to the other classical gauge groups as well [11] . The starting point in these constructions is N = 2 gauge theory broken down to N = 1 by adding a tree-level superpotential W tree = k g k u k , where u k are gauge invariant variables built out of the adjoint Higgs field of the N = 2 vector multiplet. In a vacuum in which the gauge group is enhanced to SU(2) × U (1) r−1 , with r the rank of the group, the low energy regime is governed by an N = 1 SU(2) theory and r − 1 decoupled photons. One then assumes that the exact low energy superpotential is simply given by the tree-level superpotential plus the effective superpotential of the confining SU(2) theory. In this way one derives the quantum deformations of the vacuum expectation values of the u k .
Let us start with some introductory remarks about the group G 2 . 4 It can be characterized as the subgroup of SO (7) which leaves one element of the spinor representation invariant. It is of rank two but a convenient basis of its Cartan subalgebra can be given by three elements satisfying one relation. Thus in N = 2 gauge theory the flat directions can be parametrized by three complex numbers e i , i ∈ {1, 2, 3}, obeying the constraint e i = 0. The Weyl group is the dihedral group D 6 . The group action on the e i includes permutations and the simultaneous sign flip of all three elements. Gauge invariant variables are chosen to be
If Φ is a matrix in the fundamental representation of G 2 and lies in the Cartan subalgebra we can take u = (tr(Φ 2 )) 3 . The moduli space of the classical gauge theory is described by the characteristic polynomial
Dividing by x takes into account that the seven dimensional representation contains a zero weight. An important feature is that the non-zero weights of the fundamental representations coincide with the short roots. Thus we can chose a triple of short roots satisfying α s i = 0 and the above definition of u and v corresponds to e i = Φ · α s i . Since the root lattice of G 2 is self-dual we could equally well have chosen to define the e i 's through the long roots; the right hand side of (2) would still be invariant under the Weyl group. The gauge invariant variables are then redefined according to u → 3u and v → −27v + 4u
3 .
Further if we look at the classical discriminant of the polynomial (2) we find
The unique redefinition of the gauge invariant variables leaving the classical discriminant invariant is given by
This coincides (up to an overall factor of 27 2 ) with the duality transformation shown above.
Let us now take N = 2 Yang Mills theory with gauge group G 2 and add a tree-level superpotential of the form
Here u and v are built out of the chiral N = 1 multiplets contained in the N = 2 vector field. This leads to vacua with e i = 0 and unbroken G 2 or to vacua with unbroken SU(2) × U(1) where two of the e i coincide (all three being different from zero) 6 . More precisely we find
and Φ cl = diag(e, e, −2e, −e, −e, 2e, 0). The low energy theory is governed by a confined N = 1 SU(2) theory whose scale Λ L is related to the high energy G 2 scale scale Λ H by the scale matching relation [13] 
Here the first factor arises from matching at the scale where the W bosons in the coset G 2 /SU(2) become massive, and the other from matching at the mass scale of the N = 1 SU(2) adjoint multiplet. This mass can be computed in the following manner. We first 5 In this paper we drop all redundant factors in the expressions for the discriminants. 6 Vacua with one of the e i being zero would also correspond to unbroken SU (2) × U (1), however this time with the SU (2) factor embedded into the short roots. Our special choice of superpotential, which is motivated by (2) does not allow for these vacua to occur.
rewrite the superpotential in terms of tr(Φ 2 ) and tr(Φ 6 ) and then vary Φ → Φ + δΦ where δΦ lies entirely in the direction of the unbroken SU(2)
Evaluating this expression at Φ cl one finds m ad = 3 2 g 1 .
The N = 1 SU(2) theory confines through gaugino condensation such that at low energies we are lead to take as superpotential
The quantum corrections of the gauge invariant variables are then given by
Upon eliminating e we find
as condition for a vacuum with massless monopole or dyon.
We observe that ∆ + and ∆ − intersect transversally in four points
At these points mutually local dyons become massless. Their multiplicity equals precisely the number of supersymmetric ground states of N = 1 G 2 Yang Mills theory. In addition there are two points in each ∆ + and ∆ − where ∆ ± , ∂ u ∆ ± , ∂ v ∆ ± and the Hessian of the second derivatives vanish. They are at
Here one expects mutually non-local dyons to become massless and thus produce a superconformal field theory [14, 15] . As one sees most easily from fig. 1 , each classical singular line is doubled in the product ∆ + · ∆ − corresponding to the appearance of a massless monopole-dyon pair in the quantum case. These facts lead us to conjecture that the complete quantum discriminant of G 2 is given by ∆ + · ∆ − .
Let us now compare this information with that contained in the Riemann surfaces of [7] and [3, 4] . We start with the curve from the integrable system. It is given by the expression
As explained in [7] one can view this as an eight-sheeted cover of the z-plane. The parameter µ is related to the scale Λ H . We are interested in its singularities and therefore look at ∂C ∂z = 2
This gives rise to two inequivalent branches 7 of solutions for z. The first one is given by z = ± √ µ. Substituting this back into (13) gives polynomials of sixth order in x of the
The discriminants of these are given by
Both solutions of the second branch generate the same polynomial of eighth order
whose discriminant is given by the product of ∆ int + with ∆ int − . At this point it is important to recall that the construction of the curves in [7] was based on the dual (affine) Lie algebra. In order to compare (16) with (10) we should therefore perform a duality transformation as in (4) . One finds then that after setting
H the factors ∆ int ± coincide precisely with (10)! It is natural then to conjecture that the prefactors in (16) are 'accidental' singularities where ramification points of (13) coincide without physical states becoming massless.
Furthermore, we can now classify which superconformal field theory sits at the points (12) . For example, consider P 
H ) where it degenerates. One can easily show that it takes the form
where y = x 2 − 2u/3, δu = 8/3Λ
2 H (u − u 0 ), and δv = v − v 0 + 2Λ 4 H (u − u 0 ) and u 0 , v 0 are now in the dual coordinates. Similar considerations apply to P 8 . Thus the singularity at this point is of type A 2 and we find a superconformal field theory of the same type as in [14] .
Let us turn now to the hyperelliptic curve [3, 4] . It can be written as
and its discriminant is given by
The first observation is that no redefinition of the gauge invariant variables can bring this into the form (10) . That really the topology of (20) is different from what we had before can also be seen from the fact that ∆ h + and ∆ h − intersect each other transversally in eight points which group themselves into two sets of four (n = 0, . . . , 3)
Further the discriminant (20) has an overall factor of v. Thanks to the curve being hyperelliptic it is not very complicated to study explicitly the monodromy around this singularity. In order to do so we go to a scaling limit where x = ǫz/u, v = ǫ 2 ρ and ǫ → 0.
Then the curve becomes
There are four branch points of this curve, ±e 1 and ±e 2 where
Under v → ve 2πi all the branch points rotate in the x-plane by e πi . Therefore a loop around v = 0 induces a monodromy which simply flips the signs of a pair of dual homology cycles (α i , β i ). We could then choose a basis such that (e Let us nonetheless continue to study the physical implications of this singularity by studying the effective U(1) gauge theory associated with the (α, β) cycles. To simplify the analysis we fix u and Λ such that δ = to solve for the gauge coupling. We find
Note that τ is scale invariant for fixed δ since it does not depend on ǫ,ρ, or v.
Now we define q = e πiτ and substitute into (22) which gives
Finally, we compare this to the SU(2) curve with N f = 4 massless flavors [1, 18] and find that they are equivalent in the limit of small q. Indeed the SU(2) monodromy is just (a D , a) → (−a D , −a). Therefore we conclude that the physics at the v = 0 singularity is a non-abelian Coulomb phase with an enhanced SU(2) gauge symmetry. This leads us to an alternative physical interpretation of the curve (19) . If we start with the SU(6) curve with N f = 4 massless flavors [17] 
and make a restriction of the moduli space to (s 1 = s 3 = s 5 = 0, s 2 = −2u, s 4 = u 2 ,
, we get the same curve as the G 2 ansatz. Now the physics at v = 0 has a clear interpretation as a point on the mixed Higgs-Coulomb branch where classically there is an unbroken SU(2) gauge symmetry with 4 massless flavors which is expected to remain quantum mechanically [19] .
This analysis together with the fact that the G 2 ansatz predicts more than four N = 1 vacua (as well as other strong coupling monodromies which don't have a clear interpretation) raises serious doubts about the role of the hyperelliptic curve in describing the strong coupling physics of G 2 . In contrast, although not obviously arising from a hyperelliptic curve, the discriminant (10) seems to have the correct properties to describe G 2 and in particular exhibits the expected splitting of the classical vacua into pairs of singularities.
Certainly our analysis was based on the assumption that the superpotential (8) is exact. As emphasized in [10] , a priori one cannot exclude a correction term W ∆ . In practically all the examples however it proved to be correct to assume W ∆ = 0, the only exception being the case of SO(2r + 1) where the particular form of W ∆ just amounted to a redefinition of the gauge invariant variables similar to the duality transformation we encountered here. We therefore feel confident that the superpotential (8) represents the physics correctly.
We now treat the case of the G 2 theory with matter hypermultiplets in the fundamental representation. Before doing so however, it is instructive to consider the case of SO (5) with one hypermultiplet. The reason for this is that both models share the essential physics and we can compare our results for SO(5) with the known curve of [20] . The gauge invariant variables are u = e 
As before, we want to consider classical vacua that break SO(5) → SU(2) × U(1) which leads to
Straightforward computation shows
. Since the fundamental of SO(5) decomposes as 2 +2 + 1, at low energies we find an SU(2) theory with two matter hypermultiplets of masses m + = m + e and m − = m − e. The effective superpotential at low energies is therefore
Here V ij = Q i Q j is the antisymmetric tensor containing the gauge invariant bilinears of the SU(2) theory and X is a Lagrange multiplier [21] . We also need the scale-matching condition which in this case reads Λ 
The vev's of the gauge invariant variables are then given by 
Upon eliminating e we find that the discriminant is As in the case without matter [11] this matches the discriminant of the curve [20] 
after rescaling Λ SO(5) and up to an overall factor 8 of v. We take this as convincing evidence for the method.
It is relatively straightforward to generalize to the case with N f flavors using the results of [21] . We find a low energy superpotential
where P f (m) =
), from which we can determine u , v , and discriminant in the usual way. For N f = 2 we find agreement with the curve in [20] .
Having discussed the case of SO(5) in detail it is straightforward to treat G 2 now. The fundamental of G 2 decomposes under SU(2) according to 7 → 2 +2 + 3 · 1. At low energies we thus have the same theory as before. The scale matching condition is replaced by Λ with P f (m) =
